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Can supersymmetry emerge at a quantum critical point?
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Supersymmetry plays an important role in superstring theory and particle physics, but has never
been observed in experiments. At certain quantum critical points of condensed matter systems, the
fermionic excitations are gapless due to the special electronic structure whereas the bosonic order
parameter is automatically gapless, offering a promising platform to realize emergent supersymmetry
by tuning a single parameter. Here, we study under what circumstances can supersymmetry emerge
in a quantum critical system. We demonstrate that the Yukawa-type coupling between the gapless
fermion and boson may induce a number of highly nonlocal self-interacting terms in the effective
field theory of the boson. Only when such terms do not exist or are irrelevant, could supersymmetry
have the chance to be dynamically generated at low energies. This strong constraint provides an
important guidance for the exploration of emergent supersymmetry in various condensed matter
systems, and also should be carefully considered in the study of quantum critical behaviors.
Space-time supersymmetry (SUSY) is known to be the
only nontrivial combination of internal and space-time
symmetries. It transforms fermions into bosons, and vice
versa. SUSY provides a possible solution to hierarchy
problem [1–5]. Gravity is naturally obtained if SUSY is
local in space and time. Due to many fantastic features,
SUSY has been extensively studied in high energy physics
for half a century. But there is so far no experimental
evidence for SUSY, and it remains unclear whether or
not SUSY is a fundamental law of nature.
While the search for SUSY in high-energy processes
has reached basically nothing, a variety of condensed
matter systems are conjectured to manifest emergent
SUSY at low energies [6–22]. At the microscopic level,
these systems are non-supersymmetric, and even non-
relativistic. As the energy is lowered down to zero,
these systems flow to a stable fixed point at which the
Lorentz symmetry is respected [23, 24]. Under certain
circumstances, there emerges an effective SUSY. Emer-
gent SUSY provides an opportunity to explore the in-
triguing properties of SUSY in condensed matter systems
[17, 18]. Unfortunately, it is technically difficult to realize
emergent SUSY in actual materials, since normally one
needs to delicately tune two or even more parameters.
Quantum critical system is an ideal platform to probe
emergent SUSY. Lee [9] considered a lattice model that
describes the interaction between massless Dirac fermion
and massless scalar boson. After making renormalization
group (RG) analysis, Lee [9] argued that this model sys-
tem flows to a stable infrared fixed point that respects
an effective low-energy SUSY. Here the scalar boson is a
Copper pair [9]. Grover et al. [15] suggested that SUSY
emerges naturally at the quantum critical point (QCP)
between semimetal (SM) phase and uniform supercon-
ducting (SC) phase on the surface of three-dimensional
(3D) topological insulator. The fermion is gapless in SM
phase and gapped in SC phase. The boson, i.e., the SC
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order parameter, is gapped in SM phase. Both fermion
and boson are gapless (massless) at the QCP. Based on
RG result, Grover et al. [15] concluded that the system
respects a space-time SUSY upon approaching the QCP.
An attractive feature of this proposal is that SUSY is
realized by tuning only one parameter. Ponte and Lee
[14] also proposed to observe emergent SUSY at the SC
QCP on the surface of 3D topological insulator. More-
over, SUSY was predicted to emerge as Dirac/Weyl SM
undergoes transition to a pair-density-wave (PDW) state
[16, 17]. A universal characteristic of these models is that
the boson arises from some sort of fermion pairing.
To demonstrate how SUSY emerges in quantum criti-
cal systems, let us consider the following action [18]
S =
∫
dτddr
[
iψ¯ /∂ψ + |∂µφ|2 + λ4|φ|4
+g(φ∗ψT iσ2ψ + h.c.)
]
, (1)
where τ is imaginary time and /∂ = γµ∂µ. The γ-matrices
are defined via the Pauli matrices σi as follows: γ0 = σ3,
γ1 = σ1, and γ2 = σ2. The boson is described by scalar
field φ, and the fermion is described by spinor field ψ,
whose conjugate is ψ¯ = −iψ†γ0. According to RG study
[18], fermion and boson velocities can be taken to be
equal, i.e., vf = vb. The strength parameter for Yukawa
coupling is g, and that for |φ|4 coupling is λ4. This local
field theory is supposed to be obtained by integrating out
high-energy fermions. Three-loop RG analysis performed
by Zerf et al. [18] indicates that this model has a stable
infrared fixed point g∗2 = λ∗4, at which the action (1) is
invariant under the following SUSY transformations
δηψ = i/∂φ
∗η − 1
2
φ2iσ2η¯
T , δηφ = −ψ¯η, (2)
δηψ¯ = iη¯ /∂φ− 1
2
φ∗2ηT iσ2, δηφ
∗ = η¯ψ, (3)
where η is a two-component Grassmann variable intro-
duced to define the transformations.
Realizing space-time SUSY at large distance (i.e., low
energy) in a microscopically non-supersymmetric system
2is a fascinating notion. From the practical perspective,
a great advantage of this scenario is that there is only
a single tuning parameter (pairing interaction strength).
However, although this scenario looks very promising,
its validity needs to be justified more seriously. Strictly
speaking, SUSY emerges only at exactly the QCP where
both fermion and boson are precisely massless. But the
Yukawa coupling becomes very strong as the fermion and
boson masses vanish, and may generate nonlocal terms.
If the nonlocal terms are marginal or relevant, SUSY
would not emerge. SUSY emerges only when the Yukawa
coupling does not lead to nonlocal terms.
To illustrate our concern, we revisit the action (1) more
carefully. This action is formally similar to, but the same
as, the models studied in Refs. [9, 14–17]. We take action
(1) as a prototypical model for our demonstration, and
then generalize our analysis to these similar models.
For a system deep in the SM phase, there are only
fermionic degrees of freedom. The boson field φ does not
exist at all. Only when the system is tuned close enough
to the SC QCP, could the boson appear due to fermion
pairing. The Hertz-Millis theory [25, 26] assumed that
a pure bosonic action suffices to capture the quantum
critical behavior and that the only impact of fermion is to
modify the dynamical exponent. It is now clear that the
Hertz-Millis theory fails to describe the QCP. Indeed, the
gapless fermion and boson are equally important and the
Yukawa coupling between them determines the genuine
quantum critical behavior [27–29].
Since the boson comes from fermion pairing, its action
is generated by integrating over high-energy fermionic
modes. The low-energy fermionic modes are still present
and interact with bosonic modes via Yukawa coupling,
producing the total action given by Eq. (1). For instance,
the |φ|4 term appearing in Eq. (1) is obtained by calculat-
ing the diagram shown in Fig. 1(a). This means that λ4
is closely related to g. If the renormalized λ4 is a smooth
function of energy/momentum q, it could be taken as a
constant at low energies. In this case, λ4 and g can flow
independently. One only needs to perform standard RG
to judge wether the infrared fixed point (g∗, λ∗4) satisfy
the condition g∗2 = λ∗4. This is the strategy adopted in
Refs. [9, 15–18]. However, if λ4 receives singular quantum
corrections from the Yukawa coupling, the renormalized
λ4 is no longer a smooth function of q. Actually, the
low-energy behavior of λ4|φ|4 term is not dominated by
the fixed point of λ4, but by the singular corrections. As
a result, the ∝ |φ4| term could become nonlocal. The
nonlocal term is not considered previously [9, 15–18].
Apart from |φ|4 term, Yukawa coupling also produces
an infinite number of higher order terms |φ|2n with n > 2.
The corresponding diagram is given by Fig. 1(b). The
|φ|2n terms with n > 2 could be safely ignored [9, 15–18]
if they are all irrelevant. But there is no guarantee that
these terms are irrelevant at QCP. Indeed, we will show
below that all these terms are marginal at low energies.
The crucial point is that, the Yukawa coupling induces
singular corrections to λ4 and as such alters the scaling
(a) (b)
FIG. 1: (a) Feynman diagram for the |φ|4 term generated by
integrating over fermions. (b) Feynman diagram for the |φ|2n
term generated by integrating over fermions. The solid line
represents the free fermion propagator, and the dashed line
the free boson propagator.
dimension of boson field φ. This then makes all the |φ|2n
terms with n > 2 important at low energies.
The above analysis indicates that SUSY emerges only
when the following conditions are fulfilled: parameter λ4
does not receive singular contribution; all the |φ|2n terms
with n > 2 are irrelevant. These conditions have never
been examined in previous works on emergent SUSY.
In the following, we will calculate the coefficients of
|φ|2n terms with n ≥ 1 carefully, and then make a scaling
analysis to verify whether these SUSY-breaking terms
are relevant, marginal, or irrelevant. Our analysis starts
from the local action given by Eq. (1), but we emphasize
that our strategy is universal and model independent. It
is straightforward to apply the same strategy to models
that are defined at any dimension and made out of any
type of fermion (Dirac or Weyl) [9, 14–17].
As the first step, we need to compute the diagrams
Fig. 1(a) and 1(b). The loop integral contains a number
of free fermion propagators. When the fermion is massive
(gapped), the integral is free of infrared singularity since
the mass provides an infrared cutoff that regularizes the
small energy/momenta contributions. But if the fermion
is massless, as what happens at the QCP, the integral
may be divergent in the infrared region [27–38]. In order
to determine whether or not infrared divergence appears,
we now compute the loop integral carefully.
According to Eq. (1), the free fermion propagator
is G0(k) = 1//k. The vertex correction presented in
Fig. 1(a) is defined as
λ4(q1, q2, q3) = g
4
∫
dDp
(2pi)D
Tr
[
G0(p)σ2G
T
0 (−p− q1)
×σ2G0(p+ q1 + q2)σ2
×GT0 (−p− q1 − q2 − q3)σ2
]
, (4)
where the space-time dimension D = d+ 1 and we have
used the fact that q4 = −q1−q2−q3. The vertex function
depends on three independent external momenta, namely
q1, q2, and q3. It is difficult to get an analytic expres-
sion. Fortunately, the possible singularity comes mainly
3from very small external momenta [27, 28]. Keeping this
in mind, we assume that q1 = q2 = q3 = q, and then
compute λ4(q, q, q). Carrying out analytical calculations,
details given in the Supplementary Material, we find
λ4(q, q, q) ∝ g
4
|q| (5)
in D = 2+1 with a positive constant prefactor and |q| =√
q20 + q
2, and
λ4(q, q, q) ∝ g4 ln
( |q|
Λ
)
(6)
in D = 3 + 1, where Λ is an ultraviolet cutoff. It turns
out that λ4(q, q, q) is a singular function at D ≤ 4.
The loop diagram Fig. 1(a) was calculated in previous
works [9, 15, 16, 18] by means of standard RG. Although
the models considered in these works are physically dif-
ferent, the loop integrals have the same structure and
can be computed similarly. No singular contribution was
found in these works. This is because all these works are
devoted to finding the β function for λ4 and g. For their
purposes, it is safe to set all the external D-momenta
of the boson to zero [9, 15, 16, 18], since the potential
infrared singularity in the irreducible four-boson vertex
does not affect the β function of local coupling functions
[39]. However, this treatment amounts to assuming that
all the |φ|2n terms with n ≥ 2 are always local. While
such an assumption is justified in the case of massive
fermion, it is invalid at the QCP where the fermion is
strictly massless. More concretely, the dominant con-
tribution to the diagram Fig. 1(a) comes from the pro-
cesses in which the internal fermion momenta are smaller
than the external boson momenta, i.e., |p| < |q|. If all
the external momenta are forced to vanish, this contribu-
tion would be incorrectly discarded. In order not to miss
the contribution from fermionic modes carrying ultra-low
momenta, the external momenta should be always kept
finite, no matter how small. From Eqs. (5) and (6), we see
that the coupling parameter λ4 acquires singular contri-
butions at finite external boson momenta. Consequently,
the |φ|4 term becomes highly nonlocal. The beta function
does not contain any information on this nonlocality.
It is known that the coupling of gapless boson, be it a
U(1) gauge field or an order parameter, to a finite Fermi
surface often leads to infrared divergence [27–38]. This
divergence is related to the existence of an infinite num-
ber of gapless fermionic excitations on the finite Fermi
surface. For the SM-SC QCP, the fermion DOS van-
ishes at the Dirac/Weyl point. We emphasize that this
fact cannot be used to preclude infrared divergence. The
reason is that, the particle D-momenta q could not be
always fixed at zero. The effective SUSY emerging at
SM-SC QCP is argued to be a full space-time one [18],
thus q should be allowed to take both zero and nonzero
values. For any given boson momenta q, there are always
an infinite number of fermionic modes below the energy
scale of |q|. It is these low-energy fermionic modes that
eventually induce the singularity in λ4(q).
We have showed that the |φ|4 term becomes nonlocal
at D = 2 + 1 and D = 3 + 1 after carefully evaluating
the diagram of Fig. 1(a). This nonlocal term needs to
be incorporated in the scaling analysis. Apart from the
quartic term, there also exist an infinite number of higher
order self-coupling terms, namely |φ|2n with n > 2. We
next compute the diagram of Fig. 1(b), which is formally
given by
λ2n = g
2n
∫
dDp
(2pi)D
Tr
[
σ2G0(p)σ2G
T
0 (−p− q1)σ2...
×G0
(
p+
2n−2∑
i=1
qi
)
σ2G
T
0
(
−p−
2n−1∑
i=1
qi
)]
,(7)
where for notational simplicity the explicit dependence of
λ2n on external momenta is omitted. We adopt the same
simplification as what we have done in the computation of
λ4, and set all the external momenta to be equal. Under
this approximation, we obtain
λ2n ∝ g2n
(
1
q2
)n−D
2
. (8)
Strictly speaking, this expression is applicable only for
n 6= D/2. However, since our aim is to determine the
scaling behavior of the self-coupling vertices, it can be
written in this form for any n andD. Detailed calculation
of λ2n is presented in the Supplementary Material. It
is easy to observe that the coupling parameter λ2n also
becomes singular, and that the singularity is more severe
for larger n.
After obtaining λ4(q) and λ2n(q), we are now ready
to make a scaling analysis by taking into account the
nonlocal corrections to all the |φ|2n terms. The effective
action can be re-written as
S = S0f + S
0
b + SI + Sb, (9)
S0f =
∫
dDp
(2pi)D
ψ¯(p)γ · pψ(p), (10)
S0b =
∫
dDk
(2pi)D
k2φ†(k)φ(k), (11)
SI =
∫
dDp
(2pi)D
dDk
(2pi)D
g
[
ψT (p)iσ2ψ(k)φ(k − p) + h.c.
]
,(12)
Sb =
∞∑
n=1
u2n
(∫
dDk
(2pi)D
)2n−1
(k2)
D
2
−n|φ (k) |2n, (13)
where u2n ∝ g2n/vdf . Using the scaling dimension in
momentum space, we have
[p0] = z, [p] = 1, [vf ] = [vb] = z − 1,
[p] =
[√
p20 + v
2
f (v
2
b )p
2
]
= z. (14)
Here, z is the dynamical exponent for both the fermionic
and bosonic fields.
4Within the standard RG framework [39], one usually
takes the free action S0 = S0f + S
0
b as the free fixed
point, which reproduces itself after RG transformation,
and then determine the scaling behavior of the field op-
erators and coupling constants. In the present case, it is
easy to find that the following scaling behaviors:
[ψ(p)] = −2z + d
2
, [φ(k)] = −3z + d
2
, (15)
[g] =
3z − d
2
, [u2n] = (3z − d)n+ d(1 − z).
According to Eq. (8), for n = 1 we see that the one-loop
polarization function behaves as
Π2(q) ∝ g2
(
q2
)D
2
−1
, (16)
which means that z = 1 when the polarization is added to
the free boson action. As pointed out in Refs. [40, 41], z is
not altered by higher order corrections because its value
is protected by the U(1) gauge invariance [18] of action
(1). In the case of z = 1, it is clear that [u2n] = 0 for
d = 3, thus all the |φ|2n terms are marginal. For d < 3,
[u2n] > 0 and there are an infinite number of relevant
self-coupling terms. This indicates that, at the QCP of
d < 3 system, the one-loop polarization Π2(q) is more
important than the free boson action given by Eq. (11) in
the ultralow energy region. As the result, it is no longer
appropriate to regard the free boson action S0b as the free
fixed point. A more suitable approach is to adopt the
scheme proposed in Refs. [41, 42]: discard the free boson
action S0b , and determine the scaling dimension of boson
field φ by taking the Yukawa coupling, i.e., SI , as the
starting fixed point. By using this scheme, one can show
that the correct scaling dimensions of field operators and
coupling parameters are
[ψ(p)] = −2z + d
2
, [φ(k)] = −d,
[g] = 0, [u2n] = d(1 − z). (17)
For z = 1, all the |φ|2n terms with n ≥ 2 are marginal.
This conclusion is independent of the spatial dimension.
An immediate indication is that all the bosonic self-
coupling terms are equally important at low energies and
should be considered simultaneously.
We then discuss the impact of nonlocal |φ|4 and |φ|2n
terms on the fate of emergent SUSY. In the absence of
nonlocal terms, the action given by Eq. (1) is a well-
defined local quantum field theory. All the |φ|2n terms
with n > 2 are irrelevant, and can be simply ignored.
RG calculations [18] confirm that the system flows to a
stable infrared fixed point at which an effective SUSY
emerges. This conclusion, however, is changed once the
nonlocal terms are taken into account. Since all the |φ|2n
terms with n ≥ 2 are marginal, the simple action (1) is
not the correct low-energy theory of the SM-SC QCP.
After incorporating the marginal nonlocal terms into the
action (1), the system does not exhibit effective SUSY.
We emphasize that the non-renormalization theorem
[1, 2] cannot be used to eliminate the infrared divergence.
The reason is that non-renormalization theorem is appli-
cable only in the special case in which the system respects
an intrinsic SUSY at the most microscopic level (small
distance). Emergent SUSY is generated in a system that
is microscopically non-supersymmetric. It is in principle
possible to construct a lattice model that respects SUSY
at the tree (classic) level and is free of infrared diver-
gence. But this is technically difficult since one usually
needs to delicately tune a number of free parameters to
realize SUSY at the microscopic level [12].
Now suppose the boson appearing in Eq. (1) is not
made out of fermion pairing. This sort of boson has its
own dynamics, and the |φ|2n terms are not generated by
integrating over high-energy fermion modes. The total
action is non-supersymmetric at small distance. Could
SUSY emerge at large distance? The answer is negative,
since the Yukawa coupling still induces nonlocal quantum
correction to each self-coupling term |φ|2n with n ≥ 2.
Because the system does not respect SUSY at the micro-
scopic level, one cannot invoke the non-renormalization
theorem to prevent nonlocal corrections. The nonlocal
corrections dominate over the corresponding bare terms
at low energies, and thus all the |φ|2n terms are marginal.
We therefore conclude that SUSY cannot emerge, no
matter the boson arises from fermion pairing or not.
Our consideration is general for continuous quantum
phase transitions and independent of the specific model
to achieve the transition. As a concrete example, we have
showed that the model described by Eq. (1) does not ex-
hibit emergent SUSY due to nonlocal |φ|2n terms. The
condition can be easily extended to other similar models.
Here, we mention three kinds of models. The first kind
corresponds to the SM-SC QCP in (2+1)D [14, 15, 18],
described by the same effective action (1) in which the
Dirac fermion comes from the surface of 3D topologi-
cal insulator. The second kind is defined by the QCP
between Dirac/Weyl SM and PDW [16], which involves
two Dirac/Weyl points. In this case, the effective action
can be regarded as two copies of Eq. (1) along with an
additional coupling between two types of bosons. Notice
that the Yukawa coupling also induces nonlocal terms at
PDW QCP [43, 44], though the finite momentum Q car-
ried by PDW order parameter makes it much more dif-
ficult [45] to compute the diagrams of Fig. 1. According
to our analysis, there is no emergent SUSY in the above
two kinds of model. In [15], the authors propose another
kind model to realize (2+1)D SUSY: gapless Majorana
fermions exist on the surface of the (3+1)D topological
superconductor and a pair of them form Ising magnetic
order. The action for the QCP of this magnetic insta-
bility corresponds to an electric neutral version of the
action given by Eq. (1). It would be straightforward to
apply our analysis to examine whether SUSY emerges in
the third kind of model.
In summary, we have revealed a necessary condition
for space-time SUSY to emerge at certain QCP: no non-
5local self-coupling terms of the boson field are induced by
the Yukawa coupling. This provides a strong constraint
for the candidate condensed-matter systems that might
potentially exhibit emergent SUSY. The strategy devel-
oped in this paper can be applied to determine whether
or not space-time SUSY really emerges at any QCP of
continuous transition. Since the strong Yukawa coupling
between massless fermion and boson often leads to non-
local terms, it seems more promising to realize emergent
SUSY in fully gapped systems, such as the models con-
sidered in [12, 22], by carefully tuning two or more pa-
rameters. Moreover, the nonlocal terms should also be
seriously considered in the theoretic analysis of quantum
critical phenomena [27–29, 36–38].
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6Supplemental Material
A. Nonlocal contributions to the |φ|4 term
After including all the possible higher order self-coupling terms, the boson action can be written in the generic form
Sb =
∫
dDk
(2pi)D
[
φ† (k)D−1 (k)φ (k) +
∞∑
n=2
(∫
dDk
(2pi)D
)2n−1
λ2n|φ (k) |2n
]
, (18)
where D = d+ 1 and
D−1(k) = D−10 (k) + Π(k)
with D−10 (k) = k
2.
The diagram of Fig. 1(a) is calculated as follows:
λ4(q
µ
1 , q
µ
2 , q
µ
3 ) = g
4
∫
dDp
(2pi)D
Tr
[
G0(p)σ2G
T
0 (−p− q1)σ2G0(p+ q1 + q2)σ2GT0 (−p− q1 − q2 − q3)σ2
]
(19)
= g4
∫
dDp
(2pi)D
Tr
[
G0(p)G0(p+ q1)G0(p+ q1 + q2)G0(p+ q1 + q2 + q3)
]
= g4
∫
dDp
(2pi)D
1
p2(p+ q1)2(p+ q1 + q2)2(p+ q1 + q2 + q3)2
×
{[
p · (p+ q1)
][
(p+ q1 + q2) · (p+ q1 + q2 + q3)
]
−[p · (p+ q1 + q2)][(p+ q1) · (p+ q1 + q2 + q3) ]
+
[
p · (p+ q1 + q2 + q3)
][
(p+ q1) · (p+ q1 + q2)
]}
. (20)
In the above derivation, we have used the relation σyGT0 (p)σ
y = G0(−p). In general, it is hard to evaluate the above
integration in the presence of three freely varying outline momenta. To simplify analytical calculation, we assume
that qµ1 = q
µ
2 = q
µ
3 = q
µ. After tedious but straightforward computations, we find that
λ4(q
µ, qµ, qµ) =
(
20
√
33 + 423
)
g4
12288
1
|q| , (21)
for D = 2 + 1, where |q| = √qµqµ =
√
q20 + q
2.
For D = 3 + 1, the above integral contains a logarithmic divergence in the UV region. As we focus on the IR
singularity, this divergence can be controlled by introducing a UV cutoff Λ. It is easy to obtain
λ4(q
µ, qµ, qµ) = − g
4
8pi2
ln
(|q|2/Λ2) , (22)
where q2 = q20 + q
2 and we have absorbed all the constants into the re-scaled Λ.
B. General nonlocal |φ|2n terms
We then compute the diagram of Fig. 1(b), which is given by
λ2n(q
µ, ..., qµ) = g2n
∫
dDp
(2pi)D
Tr
[
G0(p)σ2G
T
0 (−p− q1)σ2...G0
(
p+
2n−2∑
i=1
qi
)
σ2G
T
0
(
−p−
2n−1∑
i=1
qi
)
σ2
]
= g2n
∫
dDp
(2pi)D
Tr
[
G0(p)G0(p+ q1)...G0
(
p+
2n−1∑
i=1
qi
)]
= g2n
∫
dDp
(2pi)D
1∏2n−1
i=0 (p+ ai)
2
×
[
2n−1∑
i1=1
(−1)r(ai1 ,ai2 ...ai2n−1)p · (p+ ai1)
×(p+ ai2) · (p+ ai3)× ...× (p+ ai2n−2) · (p+ ai2n−1)
]
, (23)
7where ai =
∑i
i=1 qi, (ai1 , ai2 ...ai2n−1) is an arbitrarily array for (a1, a2...a2n−1) and r(ai1 , ai2 ...ai2n−1) is the total
replacement number of the array (ai1 , ai2 ...ai2n−1) with a condition that ij < ik is satisfied in every inner product
term (p + aij ) · (p + aik). We set qµ1 = qµ2 = ... = qµ2n−1 = qµ and then introduce (2n − 1) parameters, namely
x1, x2, ..., x2n−1, to carry out the Feynman parametrization. We eventually get
λ2n(q
µ, ..., qµ) =
g2n
(4pi)D/2
∫
dF2n−1
(
1
f(x1, x2, ..., x2n−1)
)n−D
2
[
Γ
(
n− D2
)
Γ
(
n+ D2
)
Γ
(
D
2
)
Γ (2n)
+
Γ
(
2n− D2
)
Γ (2n)
+
n−1∑
j=1
Y (D, j)
Γ
(
2n− j − D2
)
Γ
(
j + D2
)
Γ
(
2n− D2
)
Γ (2n)
](
1
q2
)n−D
2
. (24)
In this expression,
∫
dF2n−1 is an integration measure defined as∫
dF2n−1 =
∫ 1
0
∫ 1−x1
0
...
∫ 1−x1−...−x2n−2
0
dx1dx2...dx2n−1,
and
f(x1, x2, ..., x2n−1) =
2n−1∑
j=1
j2xj −
( 2n−1∑
j=1
xj
)2
.
Y (D, j) is a constant and determined only by the space-time dimensionality D and the value of j. Generically, the
above integral cannot be zero for all values of n. At least, it is easy to verify that for small values of n, such as
n = 2, 3, 4, this integral is nonzero. We find that the Gamma function contains no divergence for an odd D, and that
the measure integration is simply equal to some constant, which leads to
λ2n(q
µ, ..., qµ) ∝ g2n
(
1
q2
)n−D
2
.
If D is even, the Gamma function will be divergent for all n ≤ D/2. As we have explained in the calculation of
λ4(q
µ, qµ, qµ) in the case of D = 4, the existence of such divergence signals the appearance of UV divergence in the
integration over q. This divergence is logarithmic when n = D/2, but becomes linear or even more severe if n < D/2.
We will also introduce a UV cutoff Λ to eliminate such divergence. After doing so, we obtain
λ2n(q
µ, ..., qµ) ∝


g2n
(
1
q2
)n−D
2
, n6=D/2
g2n ln
(
q2/Λ2
)
, n=D/2
(25)
In the analysis of scaling behavior of the self-coupling terms, the function ln
(
q2/Λ2
)
makes no contribution and can
be simply replaced by a dimensionless constant, which means that
λ2n(q
µ, ..., qµ) ∝ g2n
(
1
q2
)n−D
2
as n→ D/2. (26)
Summarizing the above analysis, we finally find that
λ2n(q) ∝ g2n
(
1
q2
)n−D
2
(27)
for all values of n and D.
